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1 Introduction 



Recently there have been a number of calculations of long distance effects 
in mixed electromagnetic-gravitational scattering {i.e., 0{Ga) effects), using 
the methods of effective field theory [H El [3]. The basic idea here is that 
such long distance corrections arise from pieces of the scattering amplitude 
which are nonanalytic in the momentum transfer. Such nonanalytic com- 
ponents can be isolated from one loop scattering amplitudes that involve 
both photons and gravitons using effective field theory methods, a procedure 
pioneered more than a decade ago by Donoghue in the case of the gravita- 
tional interaction [S]. There are two distinct forms of such corrections — a 
classical piece (independent of h) which arises from square root components 



~ 1/v — and a quantum (/i-dependent) component associated with loga- 
rithmic nonanalyticity ~ log — where q is the four-momentum transfer in 
the scattering reaction. 

The first such calculation was done by N.E.J. Bjerrum-Bohr in the case 
of the scattering of two nonidentical spinless particles, particle a of mass 
and charge Za\e\ and__particle b of mass nib and charge Zb\e\, who quoted the 
one loop potential 



0t/(2)/-n _ ^ \l maZ^ + mbZ^ ^ ^ ZaZb{ma + mb) 

Ah f . ry2^b\ SZaZbh 



A foUowup calculation by Butt involving the spin-averaged spin-1/2 - spin- 
1/2 scattering amplitude determined the form |2] 



\ I spm—av. 



1 rUgZ^ + nibZl ^ ^ ZaZbinig + nib) 

4^ f^2^^^2^b\ i^ZaZbK 



Svrr^ \ ^ rab " nt,, j ^ nr^ 



(2) 



What is surprising here is that while the classical (~ pieces of the 

spin-0 - spin-0 and of the spin-averaged spin-1/2 - spin-1/2 potentials agree, 
the quantum-mechanical (~ h/r^) components have differing forms. These 
results then constitute a deviation from the universality of similar second 



"'^Note, however, this resuh has now been corrected by Bjerrum-Bohr [4]. 
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order potentials found in the case of purely electromagnetic and purely grav- 
itational scattering in recent calculations by Holstein and Ross [SI E]- In 
the most recent calculation of this 0{Ga) potential in the case of spinless 
scattering by Faller, it is claimed to have still a third form [3] 



V^g(r) = Ga 



1 niaZ^ + rribZ; ZaZb{ma + nib 



+ 3 



2 jy^2 ^2 

4:h f omh\ 2Z„Zhh 

Zb \- z; 



"iixr^ \ nib niaj Srer 



(3) 



The surprising disagreement between these results and the possible break- 
down of universality indicated by the discrepancy between them clearly calls 
for a new evaluation which resolves previous disagreements and clearly an- 
swers the question of universality. This is the purpose of the work below. 
We shall evaluate mixed gravitational-electromagnetic scattering at the one 
loop level in the case of spin-0 - spin-0, spin-0 - spin-1/2, spin-0 - spin- 
1, and spin-1/2 - spin-1/2 scattering, looking both at the spin-independent 
and spin-dependent pieces of the scattering amplitude. We quote the con- 
tributions of each diagram in order to assess and resolve the problems with 
previous evaluations. 

In the next section we perform the calculation for the case of spinless scat- 
tering and compare with the previous evaluations by Bjerrum-Bohr [Ij and 
Faller [3] . Then in the following sections we generalize this calculation to the 
case wherein one or both particles carry spin, connecting with the calculation 
by Butt [2]. Our results, which clearly resolve the questions raised above, 
are summarized in a concluding section. While some of our calculational 
methods are found in the appendix, we refer to our companion papers on 
purely electromagnetic scattering [6] and on purely gravitational scattering 
[7| for much of the calculational ingredients such as the loop integrals and 
parts of the Feynman rules needed. 



2 Spin-0 — Spin-0 Scattering 

We begin our discussion by considering the case of the scattering of two 
spinless particles, particle a of mass nia and charge Za\e\ and particle b of 
mass nib and charge Zb\e\. We choose the initial (final) four-momentum of 
particle a to be pi {p2 = Pi — q) and that of particle b to be ps (p4 = P3 + q)- 
This is the case originally studied by Bjerrum-Bohr [1]. 
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(a) 



O' :> + ;> <><: 



(c) 



id) 





(e) 



(A) (/s) (5) 

Figure 1: One loop diagrams in mixed electromagnetic-gravitational scatter- 
ing. 



The corresponding one loop diagrams that give rise to long distance con- 
tributions are drawn in Fig. [1] where the blobs are explained in Fig. [2l Since 
we will be comparing different calculations, it is useful to present the am- 
plitudes for each diagram separately. The calculational techniques including 
the Feynman rules and the loop integrals needed are outlined in ^ and 
in Appendix |X1 Defining the nonanalytic structures 



L = log —q^ and S 



71^ 



we find for the case of spinless scattering the contributions 
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Figure 2: Loop corrections subsumed in vertex and in vacuum polarization 
functions for mixed electromagnetic-gravitational scattering. 



'M^iq) = GaZaZf,[16L] 
'M^{q) = GaZ,Z,[-lQL-8maS] 
'M^{q) = GaZ^Zb[-16L-8mbS] 



irriamb 7(m^ + ml) 



maUlb 



+ 4:)l -5{ma + mb)S 



+ iSnGmambaZaZb — 



°Mu(^) = GaZaZb 
°At]f.(9) = GaZ,Zb\2{ma + mb)S] 



q" y s- So 

Smairib ^ 7(m^ + ml) 



+ y )L + 5{ma + mb)S 



'M^^iq) = Ga 



Smamb 



L - {Zlmb + Zlma)S 



4 



(4) 



from each diagram — (a)-(g) in Fig. [T] — where s = {pi +^3)^ is the square of 
the center of mass energy and Sq = {ma + m^)^ is its threshold valucl- 

Comparing with previous work, we agree diagram by diagram with the 
calculation of Bjerrum-Bohr. (In the case of the paper by Faller, we are 
also in agreement — once certain typos are corrected — except for the box and 
cross-box diagrams, which are too small in his calculation by a factor of two.) 
When all contributions are added together, we find the total amplitude 



'M?JM = Ga 



ZaZb{-Q{ma + mb)S + 12L) 



iZlrrib + Zlma)S - 



Smarrih 



+ iSnGmamb aZaZf, 



L ImairLb 



y s- So 



(5) 



For later use we shall work in the nonrelativistic limit and in the center of 
mass frame — pi + ps = 0. We have then 



s - So = 2Jm^+ p(\ ml + pf + 2p^ - 2mamb 



and 



mamb mr 



s- So~ Po 



(6) 
(7) 



where = mamb/ {ma + mb) is the reduced mass and po = \pi 
1, 2, 3, 4. The total amplitude then becomes 



OA^S(g-) Ga 



ZaZb{-Q{ma + mb)S + 12L) 
- {Zlmb + Zlma)S - 8(^>' + ^ 



Smamb 



L mr 

+ iSnGmambaZaZb^ — . 

q Po 



(8) 



^Our normalization of the amplitudes is a nonrelativistic one such that after applying 
all Feynman rules we divide the amplitude by a factor of V 2 £'1 2 £'2 2 £'3 2 £'4. 
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At this point we encounter a difficulty in defining a proper second order 
potential in that the inclusion of loop effects has produced an imaginary 
piece of the transition amplitude, which clearly cannot be part of a properly 
defined (hermitian) potential. Of course, there is no mystery as to why 
this term is present, since unitarity requires the presence of such imaginary 
components. The solution is also clear. We must subtract from the second 
order transition amplitude the piece which arises from the iterated lowest 
order potential before attempting to identify a proper second order potential. 
Indeed, in lowest order spinless scattering, we use the Newtonian potential 
to describe the gravitational potential 



0^(1), 



G 



-G 



marrib 



r 



while for its electromagnetic analog we utilize the Coulomb potential 

V«(f) = 



(9) 



(10) 



Working in momentum space we have 



Pf 
Pf 



Ot>{1) 



G 



Oy{l) 



Pi 



Pi 



ArtGrnamb AnGmami, 
(Pi - PfY 



{Pi - Pf^ 

respectively. The relevant second Born term of 0{Ga) is therl^l 



:iii 



[12) 



°Ampgi(g-) 



+ 



dH 


{pf 


Ot>(1) 
^G 




0T>(1) 


Pi) 


(27r)3 
dH 


{pf 


E{po) 

Ot>(1) 


-E{i 


) + ie 

^G 


Pi) 


(27r)3 




E{po) 


-E{i 


) + ie 



dH 
(2^ 

dH 
(2^ 



V«(£-p,)gW(/)V«(p1-/) 

V«(f-p;)GW(/)V«(pl-/) 



(13) 
(14) 



■'Note that we elect to use here the simple nonrelativistic forms for both the potentials 
and the propagator. We shall comment later on this choice. 



6 



where 



j1 

2m,. 



2mr 



+ ie 



(15) 



is the free propagator. The remaining integration can be performed exactly, 
as discussed in Appendix A, by including a photon "mass" term as a 
regulator. Identifying pi with pi and pj with p2, the iteration amplitude 
reads 



dH 
(27r)3 



ZaZbe' 



-ATTGrnairLb 



2m 

L m. 



2H = iSTrGmaini, aZaZ^^ — 

q Po 



(16) 



which precisely reproduces the imaginary component of ex- 
pected. In order to generate a properly defined second order potential 

0t/(2) 
^CG 

amplitude, yielding the result 



V^Q{r) we must subtract this second order Born term from the second order 



0t/{2) 



-iq-r 



(2) 



Ga 



1 TUgZl + nibZl ^ ZaZb{ma + mb) 



4h 



T 

vrib ma 



+ 



'oZaZbh 



(17) 



which disagrees with that quoted by both Bjerrum-Bohr and Faller [H [3]. 
In the case of the Bjerrum-Bohr this is due to a typo which occurred in 
his total result. This mistake has been corrected in an erratum so that 
our results are now in agreement. In the case of Faller the disagreement 
is due to his use of box plus cross-box contributions which are a factor of 
two smaller than the correct form. We notice that the resulting 0{Ga) 
potential in Eq. (IT7I) displays two different dependences on the charges of 
the scattered particles: The terms proportional to ZaZb which vanish once 
one of the scattered particles has zero charge and the terms proportional to 
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Z\ and Zl which can persist if one of the scattered particles is uncharged. 
Thus we avoid the temptation to call our results gravitational corrections to 
electromagnetic scattering since the and Zl terms cannot be viewed as 
such corrections. 

It should be noted here that the form of the classical (fi-independent) 
component of the second order potential is ambiguous, as pointed out by 
Sucher 0. For a detailed discussion of these ambiguities in the case of 
purely electromagnetic scattering, see [6]. The point is that the form of 
the iterated lowest order potentials depends upon the precise form of the 
lowest potentials and whether relativistic effects are included in it and in the 
propagator G'*^°)(£). The existence of such ambiguity is not a problem, since 
the potential is not an observable. What is an observable and is invariant is 
the second order on-shell transition amplitude, which is given by 

°A<S(g-) = °Amp(2)(g-) - ^ d\ e^'^'' V^g(f). (18) 

Because of this invariance, we shall for simplicity utilize the simple nonrel- 
ativistic potentials and propagator in obtaining the iterated second order 
amplitude. 

3 Spin-0 — Spin- 1/2 Scattering 

Before proceeding to the spin- 1/2 - spin- 1/2 calculation of Butt, we first 
examine the simpler case of a spin- 1/2 particle h scattering from a spinless 
particle a, in order to check the hypothesis of universality. The calculation 
proceeds as in the previous section except that for the vertices for particle h 
we use the spin-1/2 forms. One other subtlety that arises in the calculation 
once spin is involved is that it contains two independent kinematic variables: 
the momentum transfer and s — Sq, which is to leading order proportional 
to Pq (where Pq = pf, i = 1,2,3,4) in the center of mass frame. We find 
that our results differ if we perform an expansion first in s — Sq and then in 
or vice versa. This ordering issue only occurs for the box diagram, diagram 
(d) of Fig. [H where it stems from the reduction of vector and tensor box 
integrals. Their reduction in terms of scalar integrals involves the inversion of 
a matrix whose Gram determinant vanishes in the nonrelativistic threshold 
limit g^, s — Sq — > 0. More precisely, the denominators or the vector and 
tensor box integrals involve a factor of {Ap^ — q"^) when expanded in the 
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nonrelativistic limit. Since = 4pQsin^| with 9 the scattering angle, we 



notice that 4pQ > q"^ unless we consider backward scattering where 6 = ir 
and where the scattering amplitude diverges. And since originates from 
the relativistic structure s — Sq, we therefore must first expand our vector 
and tensor box integrals in and then in s — Sq. In this way we find 



1 
1 

rrir. 



u{pi) ^iu{p^) 6L 
u{pa) ^iu{ps){-6maS - 9L) 



u{p4)u{p3){-6mbS - 4L) 



H uipi) ^iu{p3){-2mbS - 2L) 



GaZaZh 



uiPi)u{p3 



A mgrrib ^ _^ 2mamb{2ma + 3mb) ^ 



+ {3ma + 8mb)S + 



s- So 

.2 



lOml + lOniamb — Sml 



H u{p^]^iu{p3) 

m„. 



I2mamb ^ 2mamb{2ma+3mb) ^ 



s - So 



44m^ — rriarnb + 36m^ 

QmaTTlb 



+ iSTTGniambaZaZb 



L I marrib ( 3 1 



g2 Y s - So V2 nia 



-U{P4) f^iuips) - -U{p4)u{p3 



M^iq) = GaZaZb 



u{p4)u{p3)\ — L 



irria — Srub lOm^ — QmaiTib — 3ml 



-S 



Smairib 



H u{pi) ^iM(P3) 

ma 



( 12m, 



amb^ _^ I2ma + 7mb ^ 
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44m^ + 85mamh + 36m^ 



Qmarub 



L 



1 



'2^ I o'72„ 



+ — m(P4)^iM(P3)( ^ ^ 

4(3Z>2 + ^2^2 



ma 



L 



GaZaZb 



' 1 _ /4 
rria \ 3 



(19) 



where our spinors are normalized as u{p)u{p) = 1. Summing, we find the 
total transition amplitude 



S {{'ma+5mb)u{p4^)u{p3) - {5ma+9mb) —u{p4) ^luips) 

rria 



(4 32 1 

-u{p4)u{p3) + — — u{pi) ^iu{pz) 

2mamb{2ma + 3mb)S f_ . , . ^ \u ^ \ 
H u{pi}u{p3) u[pi)piu[p3) 



s- So 



ma 



+ Ga 



S(p,)„(p3)(^S+''<^>'-^''""' 



Sniamb 

'2^ I 72„ 



^ 1 W r J 3Zimb + 2Ztm^ 
rua \ 2 



4(3Z>g + Zjml) 
Sruamb 



L 



+ iSnGniambaZaZb ^ . r}^^ | ^ — ^(^4) AKp^) " 7;^{pMP3) 

y s - So\2ma 2 



(20) 
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Defining the spin four-vector as 



= 2"(P4)757^'«(p3) 



wliere 75 = —i'j^'-f^'-f'^'y^ and taking e 



^0123 



+1, we find the identity 



(21) 



1 - -2- 

4m? 



(P3 + Pi] 



2mh 



u{pa)u{p3) 



mi 



^fiP^sq'^PlSt 



(22) 



whereby the transition amplitude can be written in the form 



+i 



rriaml 



2mamb{2ma + 3mb) 15 , ^ 

bnia - —rrib ] S 

s — So 2 



+ Ga 



32, 

H L 

3 



Kb -{Zlmb + Zlma)S 



%{Zlml + Zlml) 



Smamb 



+i 



T^Zlmb + Zlma ] S 



rriaml 



AiSZ^mt + Z^ml 



Smamb 



■L 



■Q n 7 ry ^ Pmjnb ( 3 . £b 
iSnGmamb aZaZb—xj {Ub + - i — — ^ 



y s- So 



2 mam-f^ 



using the shorthand notation 



Kb = u{pi)u{p-i) and £b = ^ap^sPiP^q"' Sl- 



(23) 



(24) 



This form has the advantage that one can easily read off the spin-independent 
component of the amphtude (which is the same as the spin-averaged ampli- 
tude) by setting W;, — > 1 and — >• (see Eqs. f l26|l and fl271) below), and we 
observe that the spin-independent part of Eq. (|23|) and the amplitude for 
spin-0 - spin-0 scattering in Eq. ([5]) have identical forms. 

Before we can define an appropriate second order potential, we must, of 
course, remove the imaginary parts as done in the spinless scattering case 
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above. However, we observe that when one or more particles carries spin a 
new from appears, proportional to — Sq), which also must be removed 
before we can produce a proper higher order potential. Both forms must be 
eliminated by subtraction of the iterated lowest order potential as before. 
Before seeing how this is done, we first write the nonrelativistic amplitude in 
the symmetric center of mass frame {pi = —p^ = p + q/2) where 



with Sh 



1 



bf^ b 



2mi 



^ap^&PiPlq^ Sl ^ {rua + mi,) [1 + 

1 NR maVflb 1 



and 



p" 



s - So 



+ 



2mamb 
[ma - rribY 



Sb- px q 



rria + mbY pi Amambima + rUb] 



2 ■ 



(25) 
(26) 
(27) 

(28) 



We find then 



GaZaZb{^Q{ma + mb)S + 12L^ + iSirGmairib aZaZi 



L 



nir 



q" po 



+ Ga -{Z^rrib + Zf^niajS L 

SmaTUb 



bj b 
Xf Xi 



+ 



GaZaZb f 3m^ + 13m^mfe+18mam^ + 9mf 14ma + 32m{, 

o H L/ 



malTLb 



ma + rub 



2GmambaZaZb{2ma + Snib 



271 L S 



"poq^ ^ pI 



+ 



Ga 



mairLb 



{ma + rrib) 

- i (zl(2mamb + 3m^) + Zl{ml + 2mamb)^ S 
A{Zl{2mamb + ?>ml) + Zlml 



3m„ 



-L 



rrib 



Sb-px q. 



(29) 



Again, the spin-independent component — the piece proportional to X/ Xi — 
agrees with the corresponding expression for spinless scattering in Eq. ([8]). 
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The spin-dependent component is new and has the form of a spin-orbit cou- 
phng. 

In order to remove the imaginary — iL/{q^pf)) — and real — S/p^ — pieces, 
we iterate the lowest order potential, as done in the spinless case, but we 
note that in the case of a system with spin these lowest order potentials 
have, in addition to the usual spin-independent Newton/Coulomb pieces, a 
spin-dependent component which is of spin-orbit character. We refer the 
reader to ^ and [7| for the explicit derivation of the leading order potentials 
for spin-0 - spin-1/2 scattering. These lowest order potentials split into spin- 
independent {S — /) and spin-dependent {S — O) components — 



Pf 
Pf 



(1) 



c 



(1) 



G 



Pf 
Pf 



^C,S-I 
^G,S~I 



Pf 
+ {Pf 



^c,s-o 

^G,S-0 



(30) 



where 

[pf 
.Pf 



Pf 
Pf 



^c,s-o 



^G,S-I 



^G,S-0 



PO = ^ 



Pi 



Pi 



Pi 



'2 f ^i 



(Pt-Pf) 



2 X? 



Cc ma + 2mb 



— Sb-pxq 

ZrUamb TTLb 



c: 



c 



{Pt 

^2 



Pf) 

'X.f 'X.i 



— Sb-7;{Pi + Pf) X VPi-Pf) 



-G 



(Pi-Pf) 



_ bt b 

2 X^ 



Cq 3ma + 4:mb 



2mamb nib 



Sb-px q 



{Pi~PfY 2mamb TTLb 



Sb ■ 7;iPi+Pf) X (Pi-Pf) 



(31) 



with Cq 



AnaZaZh and Cq = —AnGmarrih. We find then that the iterated 



amplitude splits also into spin-independent and spin-dependent pieces. The 
leading spin-independent iteration amplitude is 



2 Amp'^P_ j{q) 



dH \Pf 
(2^ 



^G,S-I 
2mr 



2mr 



^C,S-I 



+ ie 



Pi 
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dH \Pf 



^C,S-I 



^G,S-I 



Pi 



(27r)3 



^0 P_ 

2m,r 2m, 



+ ie 



„2 bf b 
"-G A/ Xst 



2mT- 2mr 

dH clxixl i 



(27r)^K-p->|^ + P^-£- + iebl-£|^ + P 

^ X/Xi = iSiiGmamb aZaZb ^ ^X/ Xi (32) 
while the leading spin-dependent term is 

^Ampglo(g) = - 



/ 



dH {pf 




f)(f 




Pi) 


(27r)3 

{pf 


2?Ttr 


^ _ 

2mr 


fie 


Pi) 


(27r)3 


2m,. 
^G,S-0 


2mr 

f)(f 


f ie 


Pi) 


(27r)3 
dH {pf 


A. 

2mr 


_ . 

2mr 

f)(f 


fie 


Pi) 


(27r)3 _ ^ + 

2mr 2mr 



i(ma + 2mj,) 
2maml 



dH 



-G 



(2.)3|,_,^^|2 + ,2_^__g_ + 



\Pi 



4i(£+p;)x(£-p-» 



(27r) 



i(3ma + 4mb) - 
+ 5 -Jfc • 



2maml 
dH 



clKPi + ^lxlP^-^l 



14 



(2^)^ |£ -p->P + P - iS; - £ P + P ' 



2 Sb-H xq 

2maml 

2GmambOiZaZb{2ma + 3mf, 
irria + mf,) 



.27rL ^\ i ^ ^ ^ 

? + ^ — ^Jfe - p X q 

Poq-' PoJ nib 



(33) 



(In principle one has to also include the iteration with two spin-orbit com- 
ponents of the leading potentials. However, this procedure but yields terms 
of higher order in Pq.) 

We observe then that the second order Born term for spin-0 - spin-1/2 
scattering is precisely of the form required to remove the offending imaginary 
iL/ (q'^po) and real S/p^ pieces from the second order scattering amplitude in 
Eq. fl2^ . What remains can be Fourier-transformed to yield a well-defined 
second order potential of the form 



-iq-r 



Ga 



d^q 
(2^ 

1 {Z^mb + Zlma 



+ 3 



- 5Ampg^(g) 
ZgZbima + rUb 



ry2 

m„ 



+ 



QZgZbh 



b\ b 



+ 



ZaZbGa{3ml + Umlnib + 18m„mg + 9mf) 
maml{ma + mb)r*^ 

Ga{Zl{2mamb + 3mg) + Z|(mg + 2m^mb)) 

2maml 
ZaZbGahiyrria + 16m;,) 



+ 



2Gah{Zl{2mamb + ?>ml) + Zlml) 



L-Sb 



(34) 



where L = rx pis the angular momentum and r = rg — Comparing with 
the second order potential found in the spinless case — Eq. f[T7|) — we observe 
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that the spin-independent componeiat of the potential ^Vqq^t) {i.e., the piece 
proportional to x'fXi) is identical to the potential ^V^qIt) found in the case 
of spinless scattering. This is the universality property that we had expected 
and verifies the correctness of our calculation. However, there also exists now 
a spin-orbit component of the potential having a new kinematic form, which 
we suspect is also universal. In order to check this assumption, we evaluate 
the case of a spin-1/2 particle a scattering from a spin-1/2 particle b, the 
spin-independent piece of which was calculated by Butt [2]. Before leaving 
this section we note that all results were deriving using a g-factor of = 2 at 
tree level throughout for the photon couplings, which is the natural value for 
spin-1/2 particle arising from the Dirac Lagrangian [T0|. In particular, we 
observe that the form of the spin-orbit potential does depend on this choice. 
See [6] for a more detailed discussion on the (^-dependence of spin-dependent 
components in the case of purely electromagnetic scattering. 



4 Spin-1/2 — Spin-1/2 Scattering 

As our next calculation, we evaluate the scattering of a pair of spin-1/2 
particles. The spin-averaged version of this calculation was performed by 
Butt and was claimed not to obey universality [2]. This is one reason that 
we wish to examine this system in detail. 

As before we list the result of the calculation and refer to the appendices 
for the Feynman rules and the relevant loop integrals. Using the spin-1/2 
identity Eq. fl22l) and its pendant for particle a 



U{p2)l^,u{pi 



1 
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(35) 



where we have defined the spin vector 

we present our results, as before, diagram by diagram: 
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where we have defined 

Ua = u{p2)u{pi) 

and 



Ub = u{pi)u{p^) 



£i = (^ap-fSPlP^q^ 

with i = a,b to keep our notation compact. 



(36) 
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At this point we can compare with Butt's spin-averaged result [2] by 
examining the spin-independent terms, which can be read off easily from our 
results by taking the limit lAa,b 1, £a,b and Sa ■ qSb ■ q, Sa ■ Sb — >■ 0. 
We do not concur with many of Butt's diagrams and do not understand the 
reason for this disagreement. Undaunted, we sum the results of the above 
individual contributions and determine the total amplitude 
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Finally, we take the nonrelativistic limit as before, yielding 
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(40) 



The amplitude for spin- 1/2 - spin- 1/2 scattering now involves a spin inde- 
pendent component, two spin-orbit coupling pieces (one for each spin) which 
are symmetric under a ^ b and new spin-spin coupling terms. Compar- 
ing with the corresponding expression for the spin-0 - spin-1/2 scattering 
amplitude — Eq. fl29l) — we observe that the kinematic forms multiplying both 
the spin-independent and spin-orbit terms are identical. This is the uni- 
versality which we expected and confirms the correctness of the individual 
diagram calculations. 

Of course, before we can generate a proper potential we must, as before, 
subtract off the imaginary iL/{q'^po) and the real S/p^ pieces by iterating 
the lowest order electromagnetic and gravitational potentials. In the electro- 
magnetic case the leading order potential for spin-1/2 - spin-1/2 scattering 
reads [B] 
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and where q = Pi— Pf and p = ■^{pi + Pf) when identifying pi with pi and pf 
with p2. The leading order gravitational potential obtained in [7] is 
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(44) 



Note that in both the electromagnetic and gravitational cases the spin- 
independent and spin-orbit pieces of the lowest order potential are identical 
to the results found in the case of spin-0 - spin-1/2 scattering, as required 
by universality. This means that when the second order Born amplitude is 
evaluated the calculation of these pieces will go through as before and that 
the offending iL/(g^po) and S/pq pieces will be removed just as in the spin-0 
- spin-1/2 case. However, both lowest order potentials also contain a new 
spin-spin component and it is this piece which will generate a spin-spin term 
in the second Born amplitude when iterated together with the leading spin- 
independent piece oiV^l^r). (Note that a spin-spin component will also arise 
from the product of spin-orbit components of the lowest order gravitational 
and electromagnetic potentials, but this piece is higher order in and is not 
relevant for our calculation.) The leading spin-spin second Born term is then 
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Comparing with the second order scattering amphtude Eq. fl40|) we see 
that the iterated resuh Eq. fHSl) is of precisely the right form to ehminate the 
zL/(g^Po) and S/p^ pieces of the spin-spin correlation. The resulting second 
order potential is then well-defined and is of the form 
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(46) 



Comparing with the earher result found in Eq. flMl) for spin-0 - spin-1/2 
scattering, we confirm universahty for the spin-independent and spin-orbit 
components together with a new spin-spin piece which itself is presumably 
universal. 



5 Spin-0 — Spin-1 Scattering 

Before closing we note that we have also evaluated the case of scattering 
of a spinless particle a from a particle b of unit spin as a further check 
of universality and of the complications which arise from the existence of 
quadrupole effects. Using the vertices given in [6], [7] and in Appendix 
A — note that the electromagnetic vertices for the unit spin system use the 



25 



'natural" value g = 2 [TU] — we find the results 
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where is the polarization vector for the incoming spin 1 particle and e^^ 
is its outgoing polarization vector which satisfy e^^ ■ P4 = and ■ = 
respectively. 

It is useful at this point to define the spin four-vector 
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Using this definition of the spin vector and the identity Eq. ( l49l) we find that 
the sum of the diagrams Eq. ( 147|) has the form 
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In order to generate a potential, we must first perform the nonrelativistic 
limit, wherein 
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Eq. fl52l) becomes 
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(54) 



Comparing with the corresponding nonrelativistic reduction for the spin-1/2 
particle in Eq. (12^ we see that the structure of the spin-independent and 
spin-orbit pieces of — e^* ■ is identical to that of u{p4)u{p3) . However, in 
the unit spin case these terms are accompanied by new terms which are 
quadrupole in nature, as can see from the identity 

rpb ^ f p6* I vb* \ A 2^* 2^ 
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Finally, comparing the total amplitude for spin-0 - spin-1 scattering Eq. 
(!50|) and for spin-0 - spin-1/2 scattering Eq. (!23|) we observe that the spin- 
independent and spin-orbit pieces are identical once we replace the spin-1/2 
structure u{p4^)u{p3) by —t*f'-e\ in the spin-1 case. Since the nonrelativistic re- 
ductions of these structures are also the same up to quadrupole corrections — 

u{p4)u{p3} > XfXi- ^^^Sb-px q 

^ ef.e^-^S,.pxq + ... (56) 



where XjX'i = '^m*,m'' ^ind e^* ■ = S.^b^^b — we observe that the spin- 
independent and spin-orbit pieces of the nonrelativistic reductions of the spin- 
- spin-1/2 and spin-0 - spin-1 amplitudes are also identical. Finally, since 
the lowest order electromagnetic and gravitational amplitudes/potentials for 
spin-0 - spin-1 scattering have the same forms for the S — I and S — O 
components as their spin-0 - spin-1/2 counterparts [6l[7], it is clear that the 
second order potential for spin-0 - spin-1 scattering is identical to its spin-0 
- spin-0 (for S — I) and both spin-0 - spin-1/2 and spin-1/2 - spin-1/2 (for 
both S — I and S — O) counterparts. However, clearly there are new terms 
in the potential which are quadrupole in nature and have no counterpart in 
lower spin systems. The form of the quadrupole potentials is more complex 
and is currently under study. 
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6 Conclusions 

Above we have presented a series of calculations of mixed electromagnetic- 
gravitational {i.e., 0{Ga)) effects in the long distance piece of the scattering 
amplitude/potential of two massive particles for various spin combinations. 
The basic idea is to use the methods of effective field theory for such a process, 
as outlined by Donoghue for the related process of second order gravitational 
scattering [5] . The pieces of the scattering amplitude which lead to power law 
behavior of the coordinate space potential are nonanalytic in character and 



are of two forms. One involves terms behaving as 1/ y — and the second in- 

volves nonanalytic pieces having the form log — g^. When Fourier transformed 
the first form leads to terms which are classical (/i-independent) and which 
lead to long distance spin-independent behavior Vciass{r) ~ Gam/r'^, while 
the second one is quantum mechanical (/i-dependent) and involves pieces 
of the potential which have the form Vgm{r) ~ hOa/r^. The project was 
undertaken both because of the intrinsic interest of such a calculation but 
also in order to resolve the disagreement between various papers on this 
subject which have recently appeared [Hill 13]. Specifically, the existing pub- 
lications have not satisfied the universality property, which asserts that the 
kinematic forms for various pieces of the scattering amplitude should be iden- 
tical, regardless of the spin-content of the scattering particles. By carefully 
evaluating the scattering of particles with spins 0-0, 0-1/2, 0-1, and 1/2-1/2 
we demonstrated that the results of all existing publications were incorrect 
(note, however, that the simple typo in the work of Bjerrum-Bohr has now 
been corrected [1]), and that universality is satisfied. 

Our results are presented in the form of a second order potential, which 
is defined in terms of the Fourier transform 



where Ailoti'l) is the full second order scattering amplitude, which includes 
all one loop amplitudes involving both graviton and photon exchange, and 
Amp*-^-* (q) is the second Born approximation amplitude to the same process. 
The subtraction of the iterated Born piece is necessary in order to eliminate 
pieces of the second order scattering amplitude which diverge as the center 
of mass momentum pq approaches zero. These terms are of two sorts: 

i) imaginary components which behave as i log — g^/(g^]9o) 





(57) 
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ii) real pieces which behave as 1 



Both such terms were shown to disappear when the subtraction shown in 
Eq. is performed. However, it should be noted that while the quantum 
mechanical component of the second order potential is unique, the classical 
component of the potential contains an ambiguity in that, as pointed out by 
Sucher [8], the iterated Born amplitude depends the choice for the lowest or- 
der potential (see also [6j). Moreover, due to general covariance the classical 
component also depends on the choice of coordinates [H [9] . The subtraction 
of the offending forms i) and ii) above is independent of these choices, but 



what remains behind are finite pieces proportional to 1/ y— whose coeffi- 

cient depends upon this choice so that the resulting 0{Ga) classical potential 
is not unique. Of course, this ambiguity is not of any physical significance, 
since the potential itself is not an observable. Rather the only observable 
is the second order on-shell scattering amplitude which is invariant and well 
defined. 

Our results for the second order potential can be summarized succinctly — 
for arbitrary spin scattering there exists a spin-independent component which 
has the form 



where represents the projection on the quantization axis of the spin of 
the indicated particle. In addition, if either particle carries spin there exists 
an additional shorter-range spin-orbit contribution to the potential which is 
seen in Eqs. and fH6|) and whose universality is shown via 0-1/2, 0-1 

and 1/2-1/2 scattering. One subtlety here is that the spin-orbit coupling 
does depend on the g-factor of the scattered particles with spin, and we 
have used the "natural" value g = 2 throughout. See [0] for a discussion on 
the dependence of the spin- dependent terms on g in purely electromagnetic 
scattering. If both particles carry spin a new spin-spin coupling arises as seen 
in Eq. (H6l) which is even shorter ranged than the spin-orbit coupling and 
whose universality can also be presumed. Finally, if one of the spins is one 
or greater there exist also quadrupole components of the potential which are 
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even shorter range and (presumably) universal. These forms are still under 
study. 

In any case, we have demonstrated that universality is valid for the long 
distance components in the case of mixed electromagnetic-gravitational scat- 
tering and that previous indications to the contrary were due to calculational 
errors. 
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A Feynman Rules 

In order to carry out the calculations described in the text we require the 
appropriate electromagnetic, gravitational, and mixed vertices. The purely 
electromagnetic vertices which involve photons but no gravitons are found in 
[6], and the purely gravitational vertices involving gravitons and no photons 
are found in [7]. Here we only list the vertices with couplings to both photons 
and gravitons which are specific to this work and which were not needed in 
[S] and [7]. 

For all couplings involving photons we use a g-factor of (7 = 2 at tree level. 
The g-factor does not affect the spin-independent components of our results, 
but the spin-dependent ones do depend on it. In [6] we offer a more detailed 
discussion and calculate purely electromagnetic scattering for arbitrary g- 
factors in an appendix. 

A.l Photon-Graviton Coupling 

When minimally coupling the Maxwell Lagrangian 

C = --^F^,F^^ (59) 

with F^y = d^Ay — dyA^ to gravity, a vertex arises which couples a gravi- 
ton to two photons. Additional contributions to this vertex arise from the 
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electromagnetic gauge fixing Lagrangian 



1 



C-GF = --{d^A^) 



(60) 



coupled to gravity which have to be included in order to be consistent. Our 
vertex reads 




IK 



IK 



+ria(5{k^{k + q)^ + {k + q)f,k^) 
-Vi^o,ku{k + g)/3 - r]^pka{k + q)^ 

-riuak^{k + q)p - rj^pk^ik + q)^ 

V^lakykp + r]^p{k + q)a{k + q)u 
+'nuak^,kp + r]^p{k + q)a{k + g)^ 
+Vf^u ({k + q)akf3 - kakfs - {k + q)a{k + q)/^ 



(61) 



with Pai3,-ys = jiVa-yVps + VaSVp-y ~ VafBVis) where the first term stems from 
the Maxwell Lagrangian coupled to gravity and the second term is derived 
from the electromagnetic gauge fixing Lagrangian coupled to gravity. The 
gauge fixing contributions to the vertex were omitted in previous publications 
[HI [D [121 E] • Even though they change individual diagrams that contribute 
to form factors, they do not seem to affect any physical quantities so that 
the total results of the work in [Til HI [12] are correct (up to the typo in [1] 
pointed out above which is also found in [T2]). 
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A. 2 Couplings to Spin-0 Particles 

The Feynman rules for a scalar particle with both electromagnetic and grav- 
itational interactions can be derived by coupling both interactions minimally 
to the Klein-Gordon Lagrangian. The relevant vertex with one photon and 
one graviton coupled is found to be 



I 
I 
I 




I 
I 
I 

°t(^J = iZeKP,.,,,{p,+P2)^ (62) 
where the charge of the spin-0 particle is Ze. 



A. 3 Couplings to Spin- 1/2 Particles 

Similarly, the mixed vertex for a spin-1/2 particle with g-factor g = 2 coupled 
to both a graviton and a photon is 



P2n 




iZen 



(63) 
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A. 4 Couplings to Spin-1 Particles 

The mixed vertex for a spin-1 particle with g-factor (7 = 2 at tree level coupled 
to both a graviton and a photon has the expression 

/3 



I 
I 
I 




B Iteration Integrals 

In this appendix we give the integrals 

\H; Hr] Hrsl = i / 7 — tt;— 5 65 

which are needed in order to perform the iteration of the lowest order Newton 
potentials. Here we list only the results; for a more detailed derivation, albeit 
with a different pref actor, see The leading expressions for the iteration 
integrals read 

L Ulr 

H ~ iATrGmarrib aZaZb^ — 

Po 



36 



Hr ^ {pi+Pf)rGmami,aZaZi,[i2'n — —-S^ + ...] 

\ Po Po J 

r ^2 ^ ry ry f ■ L nir 1 ^mj. 

Hrs - Ors q GmambaZaZi, -ITT — h + . 



^ q"^ Po 2 pI 

+ {Pi +Pf)r{Pi +Pf)s GniambaZaZb (in^— - + . . 

f L rrir 1 ^rrir 

+ [Pi -P.f)r{Pi -Pf)s GniambaZaZb i-n— o*^^ + 

\ q^ Po 2 pf^ 



(66) 
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